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THE DIRICHLET PROBLEM FOR THE BRINKMAN SYSTEM
IN SOBOLEV SPACES

DAGMAR MEDKOVAT

ABSTRACT. The Dirichlet problem for the Brinkman system and the Darcy-
Forchheimer-Brinkman system are studied in W#9(Q,R™) x W3~14(Q) for
bounded domains 2 C R™ with Lipschitz boundary.

1. INTRODUCTION

The paper is devoted to the Dirichlet problem for the Brinkman system
(1.1) —Au+du+Vp=f V-u=yx inQ

(1.2) u=g on 0f)
and for the Darcy-Forchheimer-Brinkman system
(1.3) —Au+Au+ajuju+b(u-Viu+Vp=f£f, V-u=x inQ.

Instead of the Dirichlet problem we shall study a bit more general nonlocal bound-
ary condition

(1.4) u—i—ﬂ/udx—g on 9.
Q

The problem is studied in Sobolev spaces W#4(2,R™) x W*~14(Q) in bounded
domains with Lipschitz boundary. Here 1 < s < oo and 1 < ¢ < oo. The boundary
might be disconnected.

The Dirichlet problem for the Brinkman system in Sobolev spaces was studied
in the following papers: [17] proves the existence of a solution in H5+t1/2(Q;R™) x
H*~1/2(Q) for 0 < s < 1 and a bounded domain  C R™ with connected Lipschitz
boundary. The same result was proved in [29] for a bounded domain @ C R™
with Lipschitz boundary formed by two components. [12] is devoted to solutions
in W24(Q;R™) x Wh4(Q) for a bounded domain with smooth boundary and 1 <
g < 00. The same problem is studied in [9] and [10] for a bounded domain 2 C R™
with boundary of class C»!. Y. Shibata studies this problem in [31] for domains
with boundary formed by two components.

The papers [14] and [15] studied the Dirichlet problem for the homogeneous
Darcy-Forchheimer-Brinkman system in W*2(Q,R™) x W*~1.2(Q), where 1 < s <
3/2, Q C R™ is a bounded domain with connected Lipschitz boundary and m = 2
or m = 3. The same problem was studied in [29] for domains which boundary is
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formed by two components. They supposed that a and b are positive constants,

f=0,x=0and
/ g-n?do=0
s
for each component S of 9€).

In this paper we study the Brinkman system (1.1) in bounded domains 2 C R™
with Lipschitz boundary. Instead of the Dirichlet condition (1.2) we have a bit
more general nonlocal boundary condition (1.4). We find a necessary and sufficient
condition for the existence of a solution in W*4(Q, R™) x W~ 19(Q) with 1 < s <
00, 1 < g < oo in the following cases:

(1) s=1and ¢g=2.

(2) QCR? s=1and 4/3 < q< 4.

(3) QCR? s=1and 3/2<q<3.

(4) 09 is of class C! and s = 1.

(5) 0Q is of class CH! with k € N and s < k + 1.

We show that the velocity u is unique and the pressure p is unique up to an additive
constant. Then we get results for the Darcy-Forchheimer-Brinkman system from
the results for the Brinkman system using the fixed point theorem.

2. FUNCTION SPACES

First we remember definitions of several function spaces.

Let © C R™ be an open set. We denote by C°(f2) the space of infinitely
differentiable functions with compact support in Q. If £ € Ny, 1 < ¢ < oo we define
the Sobolev space WF4(Q) := {f € L1(Q);0%f € LI(Q) for |a] < m} endowed

with the norm
HUHW’WZ(Q) = Z HaauHLq(Q)
lo <k

(Clearly W%4(Q) = L9(Q).) If s=k+ A, 0< A< 1land 1l < q < oo denote
W=4(Q) := {u € WF4(Q); ||lul|ws.a(q) < oo} where

1/q

\30‘ O%u(y)|?
[ullwsa) = H“H?A/M(Q + Z / y!m+qA d(z,y)

lal=ka %0

Denote by W*P(£2) the closure of C2°(Q2) in W*?(Q).

If X is a Banach space we denote by X’ its dual space. If 0 < s < oo, denote
W=s4(Q) = > (Q)]', where ¢’ = q/(q — 1).
If Q C V C Q then we denote by L{L (V) the space of all measurable functions

u on 2 such that u € L9(w) for each bounded open set w with w C V.

If Q@ C R™ is an open set with compact Lipschitz boundary, 0 < s < 1,1 < ¢ <
o0, denote W*4(9Q) = {u € L1(09Q); ||ullws.a(a0) < 0o} where

1/q

|u(x) — u(y)|®

_ q
fullweaiom = |lldom + [ BB Al
90X 00
Further, W=54(9) := [W*7 (9Q)]’, where ¢ = q/(q — 1).
We denote C°(€;R™) := {(v1,...,vm);v; € C°(Q)}. Similarly for other spaces
of functions.
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We say that 2 C R™ is a domain if it is an open connected set.

Proposition 2.1. Let Q@ C R™ be a bounded open set with Lipchitz boundary,

—o<t<s<ooand 1l < q<oo. Then the identity I is a compact mapping from
W$4(Q) to WhH1(Q).

Proof. Suppose first that 0 < t. Choose r and 7 such that ¢ < 7 < r < s and
7, 7 are not integer. Then I : W4(Q) — W"4(Q), [ : W™I(Q) — WH1(Q)
continuously by [28, Chap. 2, §5.4, Lemma 5.4]. It is show in [37, Theorem 1.97]
for Besov spaces that I : B97(Q) — B2%(Q) compactly. But W™1(Q) = B21(Q),
W™4(Q) = B29(Q) by [7, Theorem 6.7]. So, I : W*4(Q) — W4(Q) compactly.

Let now s < 0. Put ¢’ = ¢/(¢—1). We have proved that W57 (Q) «— W54 (Q)
compactly. So, [W=54(Q)] — [W~4'(Q)]’ compactly by [27, § 15, Theorem 4].
Suppose now that f,, is a bounded sequence in W*4(Q2). According to [39, Chapter
IV, §1, Theorem] there exist f, € [IW~*%(Q)]’ such that f, are extensions of f,
and || fn| = [fnll. Since [W~ sq’(Q)]' — W4 (Q)) compactly, there exists a
sub-sequence fn(k) and f e [W~=44(Q)]" such that fn(k) — fin W44 (Q)] as
k — oo. So, fn(k) — fin Wht4(Q2) as k — oo. Therefore, the identity I is a
compact mapping from W*4(Q) to Wh2(Q).

If t <0and 0 < s, then I : W*9(Q) — L%(Q) continuously and I : LI(Q) —
Whe(Q) compactly. If ¢ < 0 and 0 < s, then I : W59(Q) — L(Q) compactly
and I : LY(Q) — WH1(Q) continuously. In both cases I : W4(Q) — Wh1(Q)
compactly. O

Lemma 2.2. Let Q2 C R™ be a bounded domain with Lipschitz boundary, 1 < p,q <

o0 and 0 < s < oo. If sp < m suppose moreover that ¢ < mp/(m — sp). Then
W#P(Q) — L1(9).

Proof. Suppose first that s € N. Then W#P(Q) — L4(Q) by [19, Theorem 5.7.7].
Let now s ¢ N. Then W*P(Q) is equal to the Besov space BPP(Q2) by ([7,

Theorem 6.7]). If sp > m then W*P(Q) = BP'P(Q) — L1(Q) by [I, Theorem 7.34].

If sp < m then W*P(Q) = BPP(Q) — L1(Q) by [35, §46.2, Theorem]. O

3. VOLUME POTENTIAL

Let A > 0. Then there exists a unique fundamental solution E* = (E}}), Q* =
(Q]A) of the Brinkman system

(3.1) —Au+Aiu+Vp=0, Vu=0

in R™ such that E*(x) = o(|z|), Q(z) = o(|z]) as |x| — oco. (Here Af = 02 f +
O5f +---+ 02, f is the Laplace operator of f.) Remember that for i,j € {1,...,m}
we have

—AE} + AE} + 0,Q) = 600, O1E}; +...0mE,,; =0,
_AEzAerl + AEz ,m+1 + 8 Qm+1 07 a1Ef\7m+1 +... amE‘;\n,erl = 50'
Clearly,
EM—z) = EMx), QM—x)=—-Q(x).
If j € {1,...,m} then
B 1 KN

Q} (@) = Ejpyya(2) = —

Om ‘w‘nﬂ
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0., = do(@) + (A/om) In |z, m =2,
L E bg(e) + (Vo) (m —2) e, m > 2,
where o, is the area of the unit sphere in R™. (See [38, p. 60].) The expressions of

E* can be found in the book [3%, Chapter 2]. We omit them for the sake of brevity.
For A\ = 0 we obtain the fundamental solution of the Stokes system. If 7,5 €

{1,...,m}, the components of E° are given by

1 0ij Tl
3.2 B (x) = o — >3
2 %= o\ e R ) ™

1 1 TiTk

3.3 Ed(z) = —{d;;In — + ~L=F =2
( ) lj($) 47_[_{ J n’$’+ |£L'|2 }7 m )
(see, e.g., [38, p. 16]).

If 7,5 < m then
E}; = E},
A 0 _
’Em(x) - E”(x)] =0(1) as|z[—0
by [38, p. 66] and
A 0 _ 2—m
|VEij(95) - VEij(xN = O(|z| ) as|z[—0
by [21, Lemma 4.1].
Ifi,7 <m and A > 0, then
o A _ —m—|a
0 Ey(z) = O(je| =™~ 1), |a] — oo

for each muliindex . (See [18, Lemma 3.1].)
Iff=(f1,..., fm) where f1,..., fm, and g are distributions in R™ with compact
support and A > 0, then

o (f o (f
vish (9) p=d (9>

are well defined and
—Av+Av+Vp=f, V-v=g inR™.

We denote Q(z) = (Q}(2), ..., Qn(2)) = (@} (2),..., Q7 ()). By E* we denote

the matrix of the type m x m, where Ef; (x) = EZA] (z) for i,j < m.

Proposition 3.1. Let ¢, € C*(R™), 1 < ¢ < oo and s € RL. Then there exists
a constant C such that if £ € W4(R™;R™) then o|Q * (¢f)] € WsTLI(R™) and

(3.4) [0[Q * (VE)][[wor1.a@m) < CIEllwsagm).-
Proof. Let ha be the fundamental solution of the Laplace equation given by
—1
R Oy hl’{L", m:2)
ha(w) := { 2—-—m)"to 2™, m>2

Then Qj = 8jhA. Thus Qj * (wf]) = (GJhA) * (wfj) = aj [hA * (\I/fj)] SO,
olQx ()] = >_{9;leha « (Vf;)] = (D59 [ha = (2 )]}

[23, Proposition 3.18.5], [¢, Lemma 6.36] and [13, Lemma 1.4.1.3] give that [Q *
(f)] € WstL4(R™) and the estimate (3.4) holds. O
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Proposition 3.2. Let 0 < A < o0, 1 < ¢ < 0o, s € R'. Then the mapping
f— E*xf for £ € C°(R™,R™) can be extended by a unique way as a bounded
linear operator from W*4(R™ R™) to Wst24(R™ R™).

(See [22, Proposition 6.1].)

Proposition 3.3. Let ¢,¢ € C(R™), 1 < q < 0o and s € RL. Then there erists
a constant C such that if £ € WS4(R™;R™) then @[E° * (f)] € WT24(R™; R™)
and

H<P[E0 * (V) lwst2.a@mmy < Ollf[|ws.a@mm)y.
Proof. Let k € Ng, f € W*4(R™;R™). Then
A[E # ()] = V[Q # ()] — of € Wied (R™;R™)

C

by the definition of a fundamental solution and Proposition 3.1. Hence E° x
(yf) € Wﬁﬁjz’q(Rm;Rm) by [23, Proposition 3.18.3 and Proposition 3.18.2]. De-
note V, ,f = o[E* * (¢f)]. Then V4 : WEI(R™;R™) — Wht24(R™ R™). If
f, — f in WFYR™;R™) and V,, 4f, — g in WFT24R™;R™), then V,, ,f = g
because the convolution is continuous in the sense of distributions. So, V4 :
Wka(R™; R™) — WF+24(R™: R™) is a bounded operator by the Closed graph
theorem ([30, Theorem 3.10]).

Let k € No. Denote ¢ = q/(q — 1). Then Wk (R™) = Wka' (R™) by [34,
§2.3.3], [35, §2.12, Theorem] and [2, Theorem 4.2.2]. Since Vy 4 : Wg’q,(Rm; R™) —
Wé€+2’ql(Rm;Rm) is bounded, the adjoint operator [Vy, ,]" : W=F=24(R™; R™) —
W—ka(R™; R™) is bounded, too. If g,h € C3°(R™;R™) then

/ 8(1)Vy of(2) da = / £(u)V, p(y) dy,

R™ R™

because E°(—z) = E°(z) and E% = E;-)i by (3.2) and (3.3). Thus V4 = [V, :
W=k=24(R™; R™) — W—%4(R™;R™) is bounded.

According to According to [35, §2.4.2, Theorem 1] and [2, Theorem 4.2.2] one
has

(LIR™), WHUR™))1 /5 = WHIR™),  (W™HI(R™), LYR™))1 /9 = WHI(R™).
Since Vi, : LI(R™; R™) — W24(R™;R™), V,, 5 : W™24(R™;R™) — LI(R™;R™)
are bounded, [I, p. 248] gives that V,, : W H4(R™;R™) — WHI(R™; R™) is
bounded.

Suppose that s is not integer. Choose k € N such that |s| < k. Put 0 =
(s +k+2)/(2k + 2). Then

(W2 (@), WER™))g,, = WI(R™),

(W—k,q(Rm), Wk+2,q(Rm))0’q — Ws+2,q(Rm)

by [7, Theorem 6.7] and [36, §2.4.2, Theorem]. Since V,, : WFI(R™ R™) —
WHFZA(R™ R™), V,, 5 : WR=29(R™;R™) — W—F4(R™;R™) are bounded oper-
ators, [32, Lemma 22.3] gives that V,, , : W4(R™;R™) — W*T24(R™;R™) is a
bounded operator. O
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4. BRINKMAN SINGLE LAYER POTENTIAL

Let now 2 C R™ be an open set with compact Lipschitz boundary. If 1 < ¢ < oo
and g € L(0Q,R™) then the single-layer potential for the Brinkman system EJg
and its associated pressure potential Qg are given by

EAa() = /8 BMa = 1)e(y) doy),

Qag(r) = [ Qz —y)g(y) do(y).
oN

More generally, if g = (g1,...,9m), where g; are distributions supported on 9
then we define

Ejg(z) = (g, E*z —)), Qagl(z) = (g Qz ).

Remark that (E}g, Qqg) is a solution of the Brinkman system (3.1) in the set
R™ \ 0.

Lemma 4.1. Let Q C R™ be an open set with compact Lipschitz boundary, 0 < A <
o0 and 1 < q < co. Then E} is a bounded linear operator from W—1/24(9; R™)
to Wha(Q;R™). If g € W=Y29(9Q; R™) then Qqog € Li (R™). If Q is bounded

then EY is a bounded linear operator from W~/ 49(9; R™) to Wh4(Q; R™).

Proof. Put ¢ = q/(¢ —1). The trace operator 7o is a bounded operator from
Wha'(Q) to W=1/9(dQ) by [19, Theorem 6.8.13]. For g € W~ 1/24(9Q; R™)
define Pg € W~14(R™;: R™) by

(Pg, @) := (g,70®), ¥eWh! (R™R™).

Since Ejg = E* * (Pg) and P : W~1/94(9Q; R™) — W~14(R™; R™) is bounded,
Proposition 3.2 gives that Eé is a bounded linear operator from W~/ 2990 R™)
to WH4(Q;R™). Since Qog = Q*(Pg), Proposition 3.1 gives that Qog € L{ (R™)
for g € W1/ 24(9Q; R™).

Suppose now that Q is bounded. Since ESg = E° x (Pg), Proposition 3.3 gives
that EQ is a bounded linear operator from W~1/%9(9Q; R™) to Wh4(Q;R™). O

We denote by Ség the trace of Eg‘zg on 0f).

Proposition 4.2. Let Q C R? be a bounded domain with Lipschitz boundary and
4/3 < q < 4. Denote by X the set of all vector functions £ on 0Q such that for
each component S of OS) there exists a constant cg with f = csn® on S; Y = {g €
W=1/21(0Q, R?); [, g - fdo = 0 Vf € X}. For f = (f1, f) € W~Y91(9Q,R?)
and ¢ € R? denote

(4.1) Eg(f, c) = 58f+0,<<f1,1>39,<f2,1>ag) 1 dO':| .
o0

Then Eq : [W=191(9Q,R?)/X] x R? — Y x R? is an isomorphism.

Proof. Put s =1—1/q. Then 1/q—(s—1/2) =1/qg—(1—-1/q)+1/2=2/q—1/2 =
(4—q)/(2q) > 0 because 4 > q. Further, (s+1/2)—1/q =3/2—2/q = (3¢—4)/(2q) >
0 because 4/3 < q. Using W"9(9Q) = BF%(9Q) for t ¢ Z (see for example [7,
Theorem 6.7]), we get by [26, Theorem 10.5.3] that Eq : [W~1/97(9Q, R?)/X] x
R? — Y x R? is an isomorphism. O
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Proposition 4.3. Let Q C R? be a bounded domain with Lipschitz boundary and
3/2 < q < 3. Denote by X the set of all vector functions £ on 0Q such that for
each component S of OQ there exists a constant cs with f = csn® on S; Y = {g ¢
Wi=1/ea(90, R3); [, g - fdo = 0 Vf € X}. Then £ : W-141(0Q,R%)/X — Y
18 an isomorphism.

Proof. Put s=1—1/q. Then 1/q—s/2=1/¢—[1/2—-1/(2¢9)] = (3—-¢)/(2q) >0
because 3 > ¢. Further, (s/2+1/2)—1/q =1/2—-1/(2¢)+1/2—1/q = (2¢—3)/(2q) >
0 because 3/2 < ¢. Using WH1(9Q) = BF4(09Q) for t ¢ Z (see for example [7,
Theorem 6.7]), we get by [26, Theorem 10.5.3] that £3 : W~1/99(9Q,R?)/X — Y
is an isomorphism. Il

5. BOUNDARY VALUE PROBLEM FOR THE BRINKMAN SYSTEM

We begin with some auxiliary results.

Lemma 5.1. Let Q C R™ be a bounded domain with Lipschitz boundary and 1 <
q < oo. Ifue WhHhe(Q;R™) then

(5.1) /V-uda::/ u-n* do.
Q 0

Proof. If u € C>*(R™;R™) then the Green formula gives (5.1). Since C>*(R™) is a
dense subset of W14(Q) by [1, Theorem 3.22] and the trace is a continuous operator
from Wh4(Q) to W'=1/99(9Q) by [13, Theorem 1.5.1.2], we infer that (5.1) holds
for u € Wha(Q; R™). O

Lemma 5.2. Let Q C R™ be an open set with compact Lipschitz boundary. Let G
be a bounded component of R™\  and z € G. Define w(zx) := (x — z)/|z — 2|™.
Then Aw =0, V-w =0 in R™\ {2z} and

w-n' do = —o,,
oG
where n*? denotes the unit exterior normal of Q and o,, is the surface of the unit
sphere in R™,

Proof. w(x) = C1Vh(xz — z) where C; is a constant and h(z) = In|z| for m = 2
and h(z) = |z|>~™ for m > 2. Since Ah = 0 in R™ \ {0}, we infer that Aw = 0,
V-w=0inR™\ {z}.

Fix r > 0 such that for B := {x;|z — z| < r} we have B C G. Since V- w = 0
in D :=G\ B, Lemma 5.1 gives

w-n do = — w-n” do — W~ana:—/V-Wdaz
oG aD 9B D

—/ x—zm.:v—z dazO—/ |z — 2|' "™ do = —0o,n.
oB [T — 2| |z — 2| OB

Proposition 5.3. Let Q C R™ be a bounded domain with Lipschitz boundary and
2<m <3. Let g € (4/3,4) for m =2, and q € (3/2,3) for m = 3. Let A = 0.
Iff € W ha(Q;R™), x € LYQ) and g € W'=1/99(9Q; R™) then there exists a
solution (u,p) € WHe(Q; R™) x L1(Q) of (1.1), (1.2) if and only if

(5.2) / g - n* da:/xdx.
o0 Q

O
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The velocity u is unique and the pressure p is unique up to an additive constant. If

(5.3) / pdx=0
Q
then

(5.4)  llullwrago) + Ipllze) < C (Iflw-1a(0) + IxllLa0) + I8lwi-1/a.00))
where C' does not depend on £, x and g.

Proof. 1If there is a solution of (1.1), (1.2) then (5.2) holds by Lemma 5.1.

Suppose now that (u,p) € WH4(Q;R™) x L9(€Q) is a solution of (1.1), (1.2) with
f=0, x=0and g =0. Remember that W1h4(Q) = F*(Q), LY(Q) = FI*(Q) by
[37, Theorem 1.122]. Here F2" () denote Triebel-Lizorkin spaces. Put s =1—1/q.
Ifm=2thens—1/2<1/g<s+1/2. If m=3then s/2<1/q<s/2+4+1/2. So,
[26, Theorem 10.6.2] forces that u = 0 and p is constant.

Now we prove the existence of a solution under assumption that f = 0 and
x = 0. Let G(0), G(1),...,G(k) be components of R™\Q, where G(0) is unbounded.
Choose 27 € G(j) for j =1,... k. Put

oz

D

Then —Aw; =0, V-w’ =0 in R™ \ {27} by Lemma 5.2. For u = (1,...,m) €
W—1/94(9Q; R™) put

w; ()

k
Vap == EQu+ Z(,u, wj)wj for m = 3,

j=1
k
Vo i B = D200 | (1), G, 10) 4 3wy or =2
j=1
Qop = Qaou  form =3,
Qak = Qq [M - (<M1’01(>égt)2’ 1>)0} for m = 2.

Here o denotes the surface measure on Q. Then Vou € WhHe(Q; R™)NC>(Q; R™),
Qap € LI(Q)NC>®(Q) by Lemma 4.1. Moreover, —AVqou+VQau =0, V-Vou =0
in Q. Denote by Vou the trace of Vou on 9€). Proposition 4.2 and Proposition
4.3 force that Vg : W=1/%4(9Q; R™) — W=1/¢4(9Q; R™) is a Fredholm operator
with index 0.

We show that the dimension of the kernel of Vg is at most 1. Suppose that
p € W=Ya4(9Q; R™) and Vou = 0. Since V-EQv = 0 for all v € WY %4(9Q; R™),
V-d=0foralldeR?and V-w; =0 in G(i) for j # i, Lemma 5.1 gives

0= / n“® . Vou do = V- Vap — (p,w;)w;) dz
8G (i) G(7)

—|—<u,wi>/ n® . w,; do = (,u,wi>/ n%® ., do.
8G(4) 0G(i)
Since

/ nG@ . w; do #0
8G (i)
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by Lemma 5.2, we infer that

(5.5) (pyw;) =0 fori=1,... k.
We now show that there exist constants cg, cq,...,cr such that
(5.6) p=cjn% on 0G(j).
If m = 3 then Proposition 4.3 gives that there exist constants cg,cq,...,cr such
that (5.6) holds. Let now m = 2. Then 0 = Vou = E3fi + ({p1,1), (2, 1)), where
’&: . (<M171>7<M271>)
o(09)

Let Eq be given by (4.1). Since

Eq (i, ((p1,1), {p2,1)) = [Vap, 0] = [0,0]
Proposition 4.2 gives that ((u1, 1), (u2,1)) = (0,0) and there are constants co, . . . , ck
such that i = ¢;n® on dG(j). So, u = fi = ¢;n® on IG(j) for j = 0,...,k.
Therefore (5.6) holds for m = 2,3. If i > 1 then (5.5), (5.6) give

k
Oz(u,wi):Z/ can-wida:—ch V- w; dz
§=0 9G(j)

j#0,i G0

—l—ci/ DQ-widO'—{—Co/ n® - w; do
G (3) 0G(0)

:—ci/ Um+Co/ nﬂ'wz‘dU
G (i) 9G(0)

by Lemma 5.1 and Lemma 5.2. Therefore

C; = coo,,;l / n® - w; do.
G(0)

So, the dimension of the kernel of Vg is at most 1.

Since Vo : W=1/44(9Q; R™) — W1—1/¢4(9Q; R™) is a Fredholm operator with
index 0, the co-dimension of the range of Vg is at most 1. Since —AVQM—FVQQ,LL =
0, V- Vou =0 in Q, the condition (5.2) gives that

VQ(W—l/(Lq(aQ;Rm)) — {g c Wl—l/q,q(aQ;Rm);/ g- nQ do = 0}‘
o2
So, if g € W1=1/9:9(9Q; R™) satisfies

/ g-ndo=0,
N

then there exists p € W~%4(9Q;R™) such that (Vou,Qau) € WhHI(Q;R™) x
L1(Q) is a solution of (1.1), (1.2) with f =0, x =0.

Let f € W™L9(Q;R™), x € LY(Q) and g € W'=Y%9(9Q; R™) satisfy (5.2).
Choose an open ball B in R™ such that Q C B. Put ¥ := y in ©, ¥ := d in R™\ Q,
where d is a constant such that

(5.7) /B % dz = 0.

Denote X := {v € Wh4/(¢=D)(B;R™);v = 0 in B\ Q}. Then Wh#/(a=1(Q;R™) =
{vla;v € X} by [2, Theorem 9.1.3] and thus f is a bounded linear operator on
X. According to Hahn-Banach theorem ([33, Theorem 4.3-A]) there exists f €
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W~14(B; R™) such that (f,v) = (f,v) for all v .€ X. Since (5.7) holds there exists
a solution (u,p) € WhH4(B,R™) x LI(B) of

~Au+Vp=f, V.-v=x inB,
u=20 on 0B.
(See [11, Theorem 2.1].) Then —Au+ Vp=1f, V-u = x in Q. Lemma 5.1 forces

/ ﬁ-nQdU:/V-ﬁdx:/xdx.
[s19) Q Q

Put § = g — @ on 092. Then g € W!'=1/29(9Q; R™) by [19, Theorem 6.8.13].
According to (5.2) we have

/g-nQdU:/ g-nﬂda—/ ﬂ'nQdU:/XdIE—/XdIE:O.
a0 o0 o0 Q Q

We have proved that there exists a solution (v, p) € W14(Q,R™) x L(Q) of
—Av+Vp=0, V-v=0 in Q,

v=g on 0f).

Put u:=u+v, p:=p+p. Then (u,p) € WHi(Q;R™) x LI(Q) is a solution of
(1.1), (1.2).
Define
L(u7p) = (_Au + vpa V- P, U—|GQ)-

Then L is a bounded linear operator from W14(Q;R™) x L(£2) to W ~14(Q; R™) x
L1(Q) x WI=1/249(9Q; R™). (See [19, Theorem 6.8.13], [37, Theorem 1.122], [25,
Proposition 7.6].) Denote by Y the set of (u,p) from W14(Q;R™) x L4(Q) sat-
isfying (5.3). Further denote by Z the set of all (f,x,g) from (W~59(Q;R™) x
LY(Q) x W1=1/99(90Q; R™)) satisfying (5.2). We have proved that L : Y — Z is
an isomorphism. So, L™! : Z — Y is an isomorphism, too. Thus there exists a
constant C' such that (5.4) holds. O

Theorem 5.4. Let Q C R™ be a bounded domain with Lipschitz boundary, 1 <
s<o0,l<g<ooand 0 <\ (B < oo. Suppose that one of the following conditions
18 fulfilled:

(1) s=1 and g =2.

(2) QCR?, s=1and 4/3 < q < 4.

(3) QCR3, s=1and3/2<q<3.

(4) OS2 is of class Ct and s = 1.

(5) 09 is of class C* with k € N and s < k + 1.

If £ € We=29(Q;R™), x € W 19(Q) and g € W31/ 29(9Q; R™) then there exists
a solution (u,p) € W*4(Q;R™) x W=14(Q) of (1.1), (1.4) if and only if (5.2)
holds. The wvelocity u is unique and the pressure p is unique up to an additive
constant. If p satisfies (5.3) then

allwea@) + Ipllwe-19@) < C (IEllwe-—200) + Ixllwe=1.000) + Hg”stl/q,q(aQ))

where C' does not depend on £, x and g.
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Proof. Lemma 5.1 forces that (5.2) is a necessary condition for the solvability of
the problem (1.1), (1.4).

Suppose first that 3 = 0. Put X5, = WSI(Q;R™) x W 19(Q), Y, :=
Ws=24(Q;R™) x Ws~19(Q) x W5~ 1/29(9Q; R™). For yu € R' define

Bu(uvp) = (_Au + pa + vpa A u, ’YQU)’

where vq is the trace operator. Then B, is a bounded linear operator from X , to
Ys.q by [13, Theorem 1.4.4.6] and [13, Theorem 1.5.1.2]. Since By(u,p)—Bo(u,p) =
(Au,0,0), the operator By — By : X, 4 — Y, 4 is compact by Proposition 2.1. So,
By : X5 4 — Y, 41s a Fredholm operator with index 0 if and only if By : X5, — Y 4
is a Fredholm operator with index 0.

Denote by Ker B) the kernel of By. If dim Ker By, < 1 then Ker By, =
{(u,p);u=0,pis constant }. Suppose now that By : X, , — Y; , is a Fredholm op-
erator with index 0 and dim Ker By < 1. Then the co-dimension of the range of B
is equal to 1. So, (5.2) is a necessary and sufficient condition for the solvability of the
problem (1.1), (1.2). Denote by Z the space of all p € W*~14(Q) satisfying (5.3),
by W the space of g € W*~1/29(9Q; R™) satisfying (5.2), X := W(Q;R™) x Z
and Y 1= W5=24(Q; R™) x W*=14(Q) x W. Then B, is an isomorphism X onto
Y. So, propositions of the theorem hold.

Let s =1 and ¢ = 2. If (u,p) € WH2(Q;R™) x L%(Q) is a solution of (1.1), (1.2)
with f =0, x =0 and g =0, then u = 0 and p is constant by [0, Theorem IV.8.1].
Moreover By : X, — Y, 4 is a Fredholm operator with index 0 by [0, Theorem
IV.5.2]. Thus B : X4 — Y, 4 is a Fredholm operator with index 0 and (5.2) is a
necessary and sufficient condition for the solvability of the problem (1.1), (1.2).

If 09 is of class C' and s = 1 then By : Xs,q — Y54 is a Fredholm operator with
index 0 by [l1, Theorem 2.1]. So, By : X4 — Y54 is a Fredholm operator with
index 0. If ¢ > 2 then X, , — X2, Y5 ; — Y72 by Holder’s inequality and X 4 is
a dense subset of X 9, Y; , is a dense subset of Y7 5 by [I, Theorem 3.22]. If ¢ < 2
then X1 o — Xy 4, Y12 — Y, by Holder’s inequality and X 2 is a dense subset of
Xs.q, Y12 is a dense subset of Y; 4 by [I, Theorem 3.22]. So, [23, Lemma 1.8.4] gives
that the kernel of By : X, — Y, , is the same as the kernel of By : X1 2 — Y7 2.
Hence the dimension of the kernel of By : X , — Y; 4 is equal to 1. We have proved
that the proposition of the Theorem is true.

Suppose now that s =1 and 2 < m < 3. If m = 2 suppose that 4/3 < g < 4. If
m = 3 suppose that 3/2 < ¢ < 3. Then By : X;,, — Y314 is a Fredholm operator
with index 0 by Proposition 5.3. So, By : X1 4 — Y14 is a Fredholm operator with
index 0. If ¢ > 2 then X ; — X2, Y7 4 — Yi2 by Holder’s inequality and X , is
a dense subset of X1, Y7 4 is a dense subset of Y7 o by [I, Theorem 3.22]. If ¢ < 2
then X; o — X, 4, Y12 — Y1 4 by Holder’s inequality and X 7 is a dense subset of
X1 .4, Y12 is a dense subset of Y7 , by [, Theorem 3.22]. So, [23, Lemma 1.8.4] gives
that the kernel of By : X; 4 — Yi 4 is the same as the kernel of By : X2 — Y7 2.
Hence the dimension of the kernel of By : X7, — Yi, is equal to 1. We have
proved that the proposition of the Theorem is true.

Suppose now that 9 is of class C¥! with k € N and s = k+1. Then By : X g —
Y5 4 is a Fredholm operator with index 0 by [5, Theorem 4.8]. So, By : X5, — Ys 4
is a Fredholm operator with index 0. Since the kernel of By : X , — Y, 4 is a subset
of the kernel of By : X; , — Yi 4, the dimension of the kernel of By : X, , — Y, 4
is at most 1. We have proved that the proposition of the Theorem is true.
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Suppose now that 05 is of class C*! with k € N and k < s < k + 1. Define

B,(u,p) = (—Au+pu+Vp,V-u-+ / p dz,yqu).
Q

Since By : Xy g — Yiq and By : Xpt1,9 — Yig1,4 are Fredholm operators with
index 0, and the operator BA — B, is finite-dimensional, BA i Xgq — Y4 and
B,\ : Xkt1,g — Yit1,4 are Fredholm operators with index 0. Suppose now that
(u,p) € Xy.q and By(u,p) = 0. According to Green’s formula

O:/ <V'u+/pdx) d:z::/ u-nQdU+/pd:U-/1dx:/pd1:~/1d:v.
Q Q oQ Q Q Q Q

Since [, p dz = 0 we have Bj(u,p) = 0. We have proved that (u,p) = 0. Hence

By : Xy g — Y4 and BA : Xk+1,g — Yi41,q are isomorphisms. We now use the
real interpolation. Choose 6 € (0,1) such that s = (1 — 0)k + 6k. Then

(Xk7ank+1,q)9,q = Xs,qa (Yk,qa Yk+l,q)97q = Ys,q

by [7, Corollary 6.8] and [32, Lemma 41.3]. So, [3, Theorem 13.7.1] forces that B :
Xs,g — Y5 4 is an isomorphism, too. (We can also use the complex interpolation and
[16, Proposition 2.4], [35, §1.11.3], [3, Theorem 13.7.1].) Therefore By : X, , — Y5 4
is a Fredholm operator with index 0. Since the kernel of By : X, , — Y, 4 is a subset
of the kernel By : X}, 4 — Y 4, the dimension of the kernel of By : X, , — Y, 4 is
equal to 1. We have proved that propositions of the Theorem hold.

Suppose now that 8 > 0. Define

Cx(u,p) :== (-Au+Au+ Vp, V- u,ygu—l—ﬁ/ u dx).
Q

Since the operator C'y — B} is finite-dimensional, the operator Cy : X5, — Y, is a
Fredholm operator with index 0. Let now (u,p) € X, 4 be such that Cy(u,p) = 0.
Then

—Au+Au+Vp=0, V-u=0 in €,

u:—ﬁ/udm on 0.
Q

Thus there is a constant ¢ such that u= —f fQ u dx, p = c. Therefore

OZ/Q(u%—ﬂ/Qudm)dmz/ﬁudm(l—l—ﬁ/ﬂldx).

Since > 0 we infer that [,u dz = 0. Hence Bj(u,p) = 0. We have proved
that u = 0. Since the dimension of the kernel of Cy : X, , — Y, , is equal to 1
and the the operator Cy : X;, — Y;, is a Fredholm operator with index 0, the
co-dimension of the range of C : X; 4 — Y; 4 is equal to 1. Therefore (5.2) is a
necessary and sufficient condition for the solvability of the problem (1.1), (1.4). So,
C'y is an isomorphism X onto Y. O

6. DARCY-FORCHHEIMER-BRINKMAN SYSTEM

Lemma 6.1. Let Q C R™ be a bounded domain with Lipschitz boundary, k € N
and 1 < q < oo. Then there is a constant C' such that the following holds: If
w € Wha(Q; RF) then |w| € WH4(Q) and

I 1w [[wra@) < Cllwllwiaq)-
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Proof. Fix w € WH4(Q; R¥). Put g; := |w;|. Then g; € W4(Q) and ||g;||w1.a() =
|ws |lwr.a¢q) by [20, Theorem 6.17]. For € > 0 put g := |(g1+¢, ..., gr+¢€)|. Remark
that ¢ = |w],

19°] a2y < kllwll L)
and g¢ — ¢% in LY(Q) as e — 0. If € > 0 then

9;9°(z €)0j9i(x).

So,
10;9°1 < 10591, ---,0591)] < [(O591] + - -+ 10j 9.
Therefore

k
1059 o) < Z 19;9illLa ()

I g0(a) > 0 then Dy°(x) — Jlg(@) 1 S0, i (@)ri(x) a5 € — 0 T g0(a) = 0
then 0;g;(x) = 0 by [20, Theorem 6.17] and thus 0;¢°(x) = 0. Put

flx) = Zgz )0;gi(x) for ¢°(z) > 0,

f(:z:) =0 for ¢°(z) = 0.
Then 0,9 — fin LI(Q2) as € — 04 by Lebesgue’s theorem. (See [, Theorem 3.12].)
So, g*/™ is a Cauchy sequence in W9(). Therefore there exists h € W4(Q) such
that g'/™ — h in Wh9(9). Since g*/" — |w]| in L(Q), we infer that h = |w|. Since
g™ " wr.age) < K[ wllwag),
we infer that
1w lwrage) < K wllwiao).
O

Remark 6.2. Clearly || |[w|—|v] |[zr(@) < |W—V]||zr(q). But in general, it does not
exist a constant C' such that

W] = V] llwra@) < W = v]wra).
This shows the following easy example: Let I = (0,1). Fix ¢ € (1,00). Put
fal(t) ==t ga(t) :=t% — 1. Then f/(t) = ¢/, (t) = at*" L. So, fa,ga € WHI(I) if
and only if o > (¢ — 1)/q. Since fo — go =1, we have [|fo — gallwra(y = 1. Since
|fal = |gal = 2t — 1, we have 9(| fa(t)| — |ga(t)]) = 2a2*~". So,

/1|5’(!f (0)] = lga(D)]* dt = (20)? /ltwth (20)"

(¢4 T |Ja = (4 -7
0o I 0 ag—q+1
If o\ (¢ = 1)/q then || | fal = gal 5100y > 7207 — oo.

Lemma 6.3. Let 2 C R™ be a bounded domain with Lipschitz boundary, 1 < s < 3
and max(1,m/3) < ¢ < co. Foru,v € W*9(Q;R™) define

A(a,v) := |u|v.

(1) Then there is a positive constant C' such that the following holds: If u,v €
W4(Q;R™) then A(u,v) € W=24(Q;R™) and

[A(w, V) [[we-20(0) < Clullwea@)Viiwes(o).
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(2) Suppose that s < 2. If s < 2 and sq < m = 3 suppose moreover that
q>6/(34+2s). If s<2and m/(m —2+s) < q<m/s suppose moreover
that ¢ > m/(2+ s). Then

(6.1) |A(w,u) = AV, V)|lws-2a(0) < Clu=vlwea@) ([ullwso@) + [[Vlwsa) -

Proof. According to Lemma 6.1 there exists a constant C; such that

| 1w lwa@) < Crl|[wllwsaq)
for all w € W#4(Q; R™). Since min(s,1) >s—2and s+ 1— (s —2) =3 > m/q,
Lemma 7.1 forces that there is a constant Csy such that
1 fgllws-2a(0) < C2|l fllwra@)llgllwsa)
for all f € Wh4(Q) and g € W#4(Q). If u,v € W9(Q; R™) then

[ A, v)[lwe-2a(0) < Coml| [uf [[wra@)VIIwso@) < Crlom|ul|wea@)lVIIwsa(q)-
As Remark 6.2 shows, the proof of the second part of Lemma will be a bit
complicated. Since A(u,u) — A(v,v) = A(u,u—v) + (Ju| — |v|)v, we have
(6.2) [A(u,0) = A(v, V) [lws-2.4(0)
< CiCemllu = vlws.ao l[ullwea@) + [[(la] = [V)VIlws-2.0)-

Suppose that s < 2. Suppose first that s¢ > m. According to Lemma 2.2 there is
a positive constant C's such that

I fllz2ay < Csllfllwsay — Vf € WH(Q).
If u,v e W(Q;R™) then
(] = V)Vl < lla=vIv|iao) < || [a—v| [[z2a@) V] L20(0)
< CimP|lu = v|weao)l[Viiwea@)
by Holder’s inequality. So,
[(la] — ’VDVHWS—%‘I(Q) < C'327712”11 - VHWqu(Q)HV”WS’q(Q)-

This and (6.2) force that (6.1) holds with C' > C1Com + C3m?2.
Suppose now that s < 2 and sq < m. Put r = mgq/(m — sq). Then there is a
constant C4 such that

(6-3) 1fllzr ) < Call fllwea(a) for f e W*1(Q)

by Lemma 2.2. We show that /2 > 1. Since ¢ > m/3 we have for m > 4 that
r/2 > m(m/3)/[2(m — m/3)] = m/4 > 1. If m = 2 then r/2 = ¢/(2 — sq) >
q/(2—1) = ¢ > 1. Suppose now that m = 3. Since ¢ > 6/(3 4 2s) we obtain

r 3q S 18/(3+42s) 3

g = = 1.
2 23-sq) ~ 6—-12s/(3+2s) (3+2s)—2s
Holder’s inequality forces
Il = VDvllLrr2 o) < lla=vilzr@ vl @)
Using (6.3)
(6.4) I(hal = VD Vllr/2(0) < Cim?[la = vlwea@) [VIweaq)-

Suppose first that s = 2. Since m/3 < g we have r/2 = gm/(2m —4q) > gm/(2m —
4m/3) = q-3/2 > q. So, there is a constant C5 such that

(6.5) I£lzs@) < Csllfllrzy  Vf € L72(Q).
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According to (6.4) we obtain
[(lal = [v)vllws-2q) = I([a] = [vD)VILa@) < Csll(Ja] = [VD)VILr2q)
< C5Cimu = Vi@ Vo).
Therefore (6.2) gives that (6.1) holds with C' > C;Cym + C5Cym?.

Let now s < 2 and sq < m. If m = 2 then r/2 > ¢ as we have proved. So, there
is a constant Cy such that (6.5) holds. Therefore there is a constant Cg such that

(6.6) [ Fllwe=sa0) < Collfllzrzy  ¥F € L72(9).

Suppose now that m > 3. Put ¢’ = ¢/(¢ — 1) and t = (r/2)/(r/2 — 1). Suppose
first that (2 — s)¢’ > m. According to Lemma 2.2 there is a constant C7 such that
lgllze@) < Crllgllwe-oarioy Y9 € WHT(Q).

If f e L"2(Q) and g € W25 (Q) then Holder’s inequality yields

o

Thus f € W*~249(Q) and (6.6) holds with Cs > C7. Suppose now that (2—s)q’ < m.
Put 7 =mq'/[m — (2 — s)q]. According to Lemma 2.2 there is a constant Cs such
that

< flerrz@llglze@) < W llzrz@Crllglwa-oa o)-

(6.7) l9llz-0) < Csllghwa-variey VYo € W2 H1(Q).
Clearly,
f r/2 _ (mq)/(2m—2sq) mq
r/2—1 (mq)/(2m —2sq) —1  mq—2m + 2sq’
o mg' _ mq/(q—1) _ mq

m—2-s)¢ m—2-5)q/(¢q—1) mqg—m—(2—-35)q
Thus 7 > t if and only if m + (2 — s)g > 2m — 2sq, i.e. if (2 + s)g > m. Since
¢ <m/(2—s) we have

B q N m/(2—s) m
q_q’—l m/(2—s)—1 m—2+s

So, ¢ > m/(2 + s) by assumptions. Therefore 7 > ¢. Thus there is a constant Cy
such that

l9lle) < Collgllir@ Vg€ L7(D).
If f e L"/2(Q) and g € W2~59(Q) then Holder’s inequality and (6.7) yield

‘/ fg dz
Q
< GGyl fll L2y llgllwe-s.a ()

Thus f € W*=24(Q) and (6.6) holds with Cg > CsCy. We have proved (6.6) for
s < 2. Using (6.2), (6.6) and (6.4)

[A(u,u) = A(v, v)lws-240) < C1Com|lu — v|wea@)lullwsqq)

< | fllzrr2@llglle) < CollfllrrzollgllL-

+[(Juf — |V|)VHW5—2~Q(Q) < C1Cymlju — V||Ws,q(Q)||llHWs,q(Q)

+Csl|(lu| = |v|)v]
+CsCim? ([ — vlwe.a ()l V]lwe.aq)

< (C1Com + +CCim?) [ = vl[wo.ae) (allwes) + IVIwea@) -

Lr/2(Q) S C’l()gmHu — V||Ws,q(Q) HUHWS,q(Q)
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O
Lemma 6.4. Let Q C R™ be a bounded domain with Lipschitz boundary, 1 < s < 0o
and 1 < ¢ < co. Foru,v € W1(Q;R™) define
B(u,v) := (u-V)v.
Suppose that one of the following conditions is satisfied:

(1) 1 <s and qg>m/(s+1).

(2) s=1,q>2m/(m+1). If m/(m —1) < q <m suppose that ¢ > m/2.
Then there exists a positive constant C such that the following holds: If u,v €
W4(Q; R™) then B(u,v) € W=24(Q; R™) and
(6.8) 1B, v)[lw:-20(0) < Cllullwsa@)llvlwsa),

|B(u,u) — B(v,V)|lwe-20(0) < Clu=v|weaq) (lullwes@) + IVIweaq)) -

Proof. Suppose first that s > 1 and ¢ > m/(s 4+ 1). Clearly, min(s,s — 1) > s — 2.
Moreover, s+ (s —1) — (s —2) = s+ 1 > m/q. According to Proposition 7.1 there
is a constant C' such that (6.8) holds.

Suppose now that s = 1. Put ¢’ = ¢/(¢—1). Suppose first that ¢ > m. According
to Lemma 2.2 there exist r € (¢’,00) and a constant C; such that

(6.9) gl < Cillgllwrar oy Y9 € WH(Q).

Since 1/g+1/¢ =1 we have 1/q¢+ 1/r < 1. Thus there exists ¢t € (1, 00) such that
1/¢+1/r+1/t =1. According to Lemma 2.2 there is a constant Cy such that

(6.10) Ifllze) < Collfllwra) V€ WHi(Q).
If h e LYQ), g € WHY(Q) and f € Wh4(Q) then Holder’s inequality forces

/thg dz

So, fh € W=14(Q) and
(6.11) [ Rllw-1.0002) < CLC2l| fllwra@) Pl La(o)-
If u,v € Wh4(Q;R™) then B(u,v) € W~14(Q;R™) and (6.8) holds with C >
0102m2.

Suppose now that s = 1 and ¢ < m. Put ¢t := mq/(m — q). According to Lemma
2.2 there exists a constant Cy such that (6.10) hods. Since g > 2m/(m+ 1) we have

1 1 1 m—-q m+1 m-2m/(m+1) m+1 m+1-2
Sho=S4 < - = + =
qg t q mq 2m 2m?2/(m+1) 2m 2m

Therefore there is r € (1,00) such that 1/¢ + 1/t + 1/r = 1. Hélder’s inequality
forces

(6.12) ‘/thg dx

Suppose first that ¢ = ¢/(¢ —1) > m. According to Lemma 2.2 there exists a
constant C such that (6.9) holds. Suppose now that ¢ < m. Thenq=¢'/(¢—-1) >
m/(m —1). So, ¢ > m/2 by assumption. Thus

< [ fllze@lbllLa@llgllizr @ < CrCall fllwra@ 1Bl L@ 19l (@)

1.

< I flliceylPllLallgllr )

1 m—q’_1 1 1 m—q/(q—l)_1 1 m—-qg mg—m-—q
r mq g t  mg/(g—1) q mgq mq
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mg—m-—m+q—mqg+m+q  2q—m

mq g
Hence r < mgq'/(m — ¢q'). According to Lemma 2.2 there exists a constant C; such
that (6.9) holds. According to (6.12), (6.9) and (6.10)

‘/Qfgh dw

So, if f € WH4(Q) and h € L4(2), then fh € W~19(Q) and (6.11) holds. If u,v €
Wha(Q; R™) then B(u,v) € W~19(Q; R™) and (6.8) holds with C > C;Com?.
Clearly

> 0.

< | fllze@lIBllza@llgllzr@) < C1Cal[ fllwra@) 1Bl La@)llgllwra ()

|B(u,u) — B(v,V)|ws-24q) = [[B(u—v,u) + B(v,u—v)|ws-—24q) <
[B(u—v,u)llws-z24q) + |B(v,u—v)[lws-240) <

Cllu=vllwea@llullwea) + Cliviwsa@la = viwsagq).
0

Theorem 6.5. Let 2 C R™ be a bounded domain with Lipschitz boundary, 1 <
s < oo and 1 < q < oo. Suppose that one of the following conditions is satisfied:

(1) m<4,s=1 and q=2.

(2) QCR?, s=1and 4/3 < q < 4.

(3) QCR3, s=1and3/2 < q < 3.

(4) O is of class C*, s =1 and ¢ > 2m/(m +1). If m/(m — 1) < g < m then

qg>m/2.

(5) 0K is of class C*' withk € N, 1<s<k+1andq>m/(s+1).
Let 0 < A\ja,b,f < o0o0. If s >2 orq<m/3 suppose that a = 0. If m =3, s =1
and g < 6/5 suppose that a = 0. Then there exist d,¢,C € (0,00) such that the
following holds: If f € W*=24(Q;R™), x € W*~19(Q) and g € W5~ 1/99(9Q; R™)
satisfy

(6.13) £[lws-2.0(0) + [ Xllws-1900) + |8llwe-1/0.000) <&

then there exists a solution (u,p) € W*4(Q; R™) x W=14(Q) of (1.3), (1.4) if and
only if (5.2) holds. Moreover, there is a unique solution satisfying

(6.14) [ul[wea@) <€

and (5.3). If (u,p) is a solution of (1.3), (1.4) satisfying (6.14) and (5.3) then

Jullwsa) + I2llwe-10) < C (Ifllwe-2a0) + IXIlwe-1.a) + 18llws-1/0000)) -

Proof. 1f (u,p) € W#4(Q;R™) x W*=14(Q) is a solution of (1.3), (1.4), then (5.2)
holds by Lemma 5.1.
Define
L(u) :=alulu+b(u- V)u.

According to Lemma 6.3 and Lemma 6.4 there is a constant C such that
||Lu||WS*2,q(Q) < Cl”“”%/vs,q(g),

[Lu — Ly |we-20(0) < Crlu = viwea(o) (lullwes@) + [VIwea)
for all u,v € W*4(Q;R™). (If m <4, s=1and ¢ =2 then 2m/(m+1) <2 =gq
and m/2 <2 =g¢q. If m =2 and 4/3 < ¢ < 4 then 2m/(m+1) = 4/3 < ¢ and
m/(m—1)=2=m. If m =3, s =1and 3/2 < ¢ < 3 then 2m/(m + 1) =
6/4=3/2<qand m/2 =3/2<q Ifm=31<s<2andq>m/(s+1)
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then ¢ > 3/(s+1) =6/(2s+2) > 6/(3+2s). If m < 3 and s = 1 then ¢ >
1>m/2+s). fm=4,s=1and g =2 then m/(2+s) =4/3 <2 =g¢q. If
s =1and m/(m—2+s) < ¢ < m/s, then m/(m — 1) < ¢ < m and therefore
g>m/2>m/(2+s).)

According to Theorem 5.4 there is a positive constant Cs such that the following
holds: If f € W=24(Q;R™), x € W 14(Q) and g € W*~1/29(9Q; R™) satisfy
(5.2) then there is a unique solution (u,p) € WI(Q;R™) x W*=14(Q) of (1.1),
(1.4) satisfying (5.3). Moreover,

Jallweq@) + Ipllwe-1a) < Co (Ifllwe—2a(0) + IXIlwe-1a) + [&llws-1/04(00)) -

Put
1 €

= , 6= ———.
TG+ DG+ ) 2(Cy + 1)
If (u,p) € W R™) x W3=14(Q) is a solution of (1.3), (1.4) satisfying (6.14)
and (5.3), and (@1,p) € W*4(Q; R™) x W*~14(Q) is a solution of

—Atu+ M a+aaja+ba-Via+Vp=f, V-au=yx inQ,
ﬁ+ﬂ/ﬁdx:g on 012, /ﬁdx:O
Q Q

and [|allws.qq) <€ then

—Uuljwsa@) [P — Dllws-—1.4) < Co(||f — f we—2.a(0) T [[X — Xllws-1.9(0)
u— + |l | < Co(fIf — £ + |l |
+lg — &llwe-1/aao0) + [1L0 — Li|lwa—2.4(0)) < Co(If — fllwe-2.0(0)
+lx = Xllws-ra) + I8 — 8llwe-1/0.0(00) + C12¢[|u — Ullws.a(a))

< O ([|f = £llws-2.0(0) + X = Xllwe-1.0(0) + ||g—§||stl/qvq(aQ))+%Hu—ﬁ|!vvs’q(sz)-
Thus
[u —al[wsa) + [P = Dllws-1a0)
< 205 (|If = Fllwe—2a() + IX = Xlwe-r9() + lg = Ellwa-1/2.0(50))-

This gives the uniqueness of a solution of (1.3), (1.4) satisfying (6.14) and (5.3).
Foru=0,p=0,f=0, x=0, g =0 we have
lallws.a) + Ipllws-1.4000) < 2Cs (||f||wsf2vq(9) + Ixllwe-1.9(0) + ||g||WS*1/qv<1(BQ)) .

Denote E := {u € W*9(Q;R™); [ul|w=.aq) < €}. Choose f € W 24(Q; R™),
x € W h4(Q) and g € W 1/9:9(9Q; R™) satisfying (6.13) and (5.2). For a fixed
v € E there exists a unique solution (u¥,p¥) € W*4(Q;R™) x Ws~14(Q) of

—Au’ + AV +VpY =f—-L(v), V-u¥ =x inQ,

u"+ﬂ/uvd$:g on 012, /pvdx:O.
Q Q

Clearly,
[u¥llwea(e) < Co ([Ellwe-2a(0) + 1LV ]we-2a0) + IXIwe-ra(0) + [8llwe-1/0.0(00))
C2€ 1
< Cob6 4+ CoC1 V| saq) = 57— + C2C =¢
50 4+ CoC1 ||V [[Feua 2C+1) UG DGt =€

Sou¥ e E. If v,w € F then
0¥ —u¥lwea@) < Cof|Lv — Lw|wa—2.4(q)

< CoCh|lw = v]weage) ([Wllwea@) + [[VIwsa@) < 2C2Crel|lw — v|wsa(q).
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But 2C5C1e < 1. Therefore Banach’s fixed point theorem forces that there exists
v € E such that uw¥ = v. (See [3, Satz 1/24].) For such v the pair (u¥,pY) is a
solution of (1.3), (1.4). O

7. APPENDIX

Proposition 7.1. Let 2 C R™ be a bounded domain with Lipschitz boundary. Let
0 < s(1),s(2) < oo, min(s(1),s(2)) > s > —oo and 1 < p < oo. Suppose that
s(1) + s(2) —s > m/p. Then there exists a positive constant C' such that

1fgllwsr@) < Cllfllwsmr@llgllwee.pq)

for all f € Ws(l)d”(Q), gec WS(Q)J?(Q)_

<

10]
11]
[12]
13]
[14]
[15]
16]

[17]

(See [24, Lemma 4.3].)
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